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Numerical simulation with finite element method

v

mathematical modeling
discretization of time for evolution problem
discretization scheme for the space

v

v

» mesh generation / adaptive mesh refinement

» stiffness matrix from finite elements and variational
formulation

» linear solver < CG, GMRES, direct solver: UMFPACK, MUMPS

FreeFem++ provides vast amounts of tools
nonlinear solver

v

v

optimization solver
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Outline |
Weak formulation for partial differential equations with 2nd
order derivatives
Poisson equation with mixed boundary conditions
Stokes equations with mixed boundary conditions
magneto-static problem with Dirichlet boundary conditions
P1/P2 finite elements and numerical quadrature

Finite element stiffness matrix from weak form
positivity of the matrix from coercivity of the bilinear form
a penalty method to treat Dirichlet boundary data
direct method
CG / GMRES methods for symmetric/unsymmetric sparse
matrices

Nonlinear finite element solution by Newton method
stationary Navier-Stokes equations and a weak formulation
differential calculus of nonlinear operator and Newton

iteration
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Outline Il
Syntax and data structure of FreeFem++ language

control flow

data structure; array and FE object

sparse matrix

function macro

procedure to compute SpMV for built-in iterative solver

Schwarz algorithm as preconditioner for global Krylov iteration
overlapping subdomains and RAS/ASM
2-level algorithm with a coarse space

Time-dependent Navier-Stokes equations around a cylinder
boundary conditions of incompressible flow around a
cylinder

Thermal convection problem by Rayleigh-Bénard egs.
governing equations by Boussinesq approximation
stationary solution by Newton method from numerical
stationary solution
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Outline

Weak formulation for partial differential equations with 2nd
order derivatives
Poisson equation with mixed boundary conditions
Stokes equations with mixed boundary conditions
magneto-static problem with Dirichlet boundary conditions
P1/P2 finite elements and numerical quadrature

Finite element stiffness matrix from weak form

Nonlinear finite element solution by Newton method

Syntax and data structure of FreeFem++ language

Schwarz algorithm as preconditioner for global Krylov iteration

Time-dependent Navier-Stokes equations around a cylinder
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Poisson equation with mixed B.C. and a weak formulation: 1/2
QCR%,00=TpUTly

—Au = finQ,
u=gonlp,
U
— =honly.
on N

weak formulation

V' : function space, V(g) ={u e V;u=gonTp}.
V=01 Q)NneoQ)?
Find u € V(g) s.t.

/ —Auvdx = / fodx Yv e V(0)
Q Q
Lemma (Gauss-Green’s formula)

n
u,v eV, n=
n2

/(@u)vdx:/uf)deJr/ un;vds.
Q Q o0

} : outer normal to OS2
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Poisson equation with mixed B.C. and a weak formulation: 2/2

/(—8% — B uvdzx :/(81u811)+82u82v) dz —/ O1uny+dung)vds
Q Q oN

:/Vu-Vvdw—/ Vu-nvds
Q I'pul'ny
v=0onIp = :/Vu-Vvdx—/ hvds
Q I'n
Find u € V(g) s.t.

/Vu-Vvd:L'—/fvd:L'—i—/ hvds Yv e V(0)
JQ JQ JI'N

» a(-,) : V xV — R : bilinear form
» F(-): V — R : functional

Find uw € V(g) s.t.
a(u,v) = F(v) YveV(0)
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FreeFem++ script to solve Poisson equation

finite element basis, span[1,...,on]| =V4 CV
up, € Vi = up = ZlgigN Ui Pi

Dirichlet data : u(P;) = g(P;) Pj €l'p

Find up € Vh(g) s.t.

/ Vuy, - Vopdr = / fopdz —l—/ hopds Yoy, € Vi (0).
Q JQ 'y

mesh Th=square (20, 20) ; » examplel.edp ~ » varf+matrix
fespace Vh(Th,P1l);
Vh uh, vh;

func £=5.0/4.0xpixpixsin(pi*x)*sin(pixy/2.0);
func g=sin(pi*x)*sin(pi*xy/2.0);

func h=(-pi)/2.0*sin (pi*x);

solve poisson (uh,vh)=

int2d(Th) (dx (uh) *dx (vh) +dy (uh) xdy (vh) )

- int2d(Th) (f*vh) - intl1d(Th, 1) (h*vh)

+ on(2,3,4,uh=qg); // boundary 1 : (x,0)
plot (uh);
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Stokes equations and a weak formulation : 1/3
Q=(0,1) x(0,1)
—2V-D(u)+Vp=finQ
V-u=0inQ
u=gonlp,
2D(u)n —np=honTy.
strain rate tensor : [D(u)];; = (0w, + Oju;).
> Vig)={ve H(Q)?*;v=gonTp}, V=V(0)
> Q=I2(Q)
weak formulation : Find (u,p) € V(g) x @ s.t.
/2D(u) : D(v) dx — /V~vpdx —/ f-vda:—l—/h-vdw Yv eV,
Q Q

Q 'y

—/V~uqdw—0 Vg € Q.
Q
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Stokes equations and a weak formulation : 2/3

Lemma (Gauss-Green’s formula)
u,v € CH(Q) N CN), n : outer normal to 0

/(@u)vdx: /uaivder/ un;vds.
Q Q o0
—2/(V-D(u))-vdw—
Q
—2/ Zz Zjajé(@uj +8jui)v¢ dxr = / le(aluj + 6jui)8jvi dzx
9) Q

- Zi,j (Oyu; + Ojui)n;v; ds
0N

:/QQD(U):D(v)dx—/ 2D(u)n - v ds

o0

from the symmetry of D(u)
2245 (Oius + Ojui)0jvi=) 5 5 (Oiuj+0jui) (Djvi+Oiv;) [2=2D(u):D(v).
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Stokes equations and a weak formulation : 3/3

/Zi(({)ip) v; dx:—/ > :p0iv; dx—f—/ > P Niv;
Q Q oN

:—:/pv-v+/ﬁpnm
Q i9)

On the boundary 092 =T'p UTy,
/ (2D(u)n —np)-vds
IpUl'y

— [ @D@n-np)-vds+ [ @D@n-np)-vds
T'p I'n

:/ h-vds. <V ={veH(Q)?;v=00nd0}.
'y

Remark
—2[V . D(u)]z = — Zj 8](81% + 8Juz) = — Ej 8J2’UJZ = —[Au]l
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FreeFem++ script to solve Stokes equations by P2/P1
Find (u,p) < Vh(g) X Qp, S.1.
a(u,v) + b(v,p) + b(u,q) = (f,v) Y(v,q) € Vi, X Qp.
fespace Vh(Th,P2),Qh(Th,P1);
func f1=5.0/8.0+pi*pi*sin(pi*x)*sin(pi*y/2.0)+2.0xx;
func £2=5.0/4.0+pi*pi*cos (pi*x)*cos (pi*y/2.0)+2.0xy;
func gl=sin(pi*x)*sin(pixy/2. O)/2.0;
func g2=cos (pi*x)*cos (pixy/2.0)
func h1=3.0/4.0xpi*sin(pixx)*cos (pi*xy/2.0)

» example2.edp

func h2=pixcos (pi*x)*sin(pi*y/2.0)+x*x+y*y;

Vvh ul,u2,vl,v2; Qh p,qg;

macro dl2 (ul,u?2) (dy (ul) + dx( y/2.0 //

real epsln=1.0e-6;

solve stokes(ul,u2,p, vl,v2,q) =

int2d(Th) (2.0 (dx (ul) »dx (vl) +dy (u2) xdy (v2) +

2.0%xd12 (ul,u2)*dl2(vl,v2))

—p*dx (v]l) —pxdy (v2) —dx (ul) xg-dy (u2) =q)

- int2d(Th) (flxv1+£f2*xvl) - intl1ld(Th,1) (hlxv1+h2%vl)

+ on(2,3,4,ul=gl,u2=g2);

plot ([ul,u2],p,wait=1,value=true,coef=0.1);
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stationary Navier-Stokes equations and a weak formulation
Q=1(0,1) x (0,1)
—2vV - D(u)+u-Vu+Vp=finQ

V-u=0in
u = g on Jf)
> Vig)={ve H'(Q)?;v=yg0nd0}, V=V(0)
» Q=1L3(Q) ={pe L*Q); [,pdx =0} —

bi/tri-linear forms and weak formulation :
a(u,v) = /QVD(u) : D(v)dx u,v € H'(Q)?
Q

al(u,v,w):/(u-Vv)-w u,v,w € H'(Q)?
Q

b(v,p) = —/V-vpda: ve HY(Q)?, pe L3(Q)
Find (u,p) EQV(g) X @ s.t.
a(u,v) + a1 (u,u,v) + blv,p) = (f,v) YveV,

bu,q) =0 Vqe€Q.
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magneto-static problem with Dirichlet b.c. : 1/2
constraints on the external force: V- f = 0in Q C R3.
Vx(Vxu)=f in £,
V-u=0 in €,
uxn=>0 on 0f2.
Hy(curl; Q) ={u € L?(Q)*; Vxu e L?*(Q)3; uxn =0}
find (u,p) € Ho(curl; Q) x HL(Q)

(V xu,Vxuv)+ (v,Vp) = (f,v) Vv € Hy(curl; Q)
(u, Vg) =0 Yo € Hi(Q)

has a unique solution.
» V- f=0=p=0.
» (Vx-, Vx-) : coercive on V.
W = Hy(curl; Q) Nn{ue H(div; Q) ; divu= 0}.
> Ho(curl; Q) = gradH}(Q) & W.
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magneto-static problem with Dirichlet b.c. : 2/2

vector valued Sobolev space:

Hcurl; Q) = {u e L3(Q)3; V x u € L*(Q)3}.

with essential boundary conditions on 9(2:

Hy(curl; Q) ={u € L?(Q)3; V x u € L?(2)3; u x n = 0}

proee ()

(Oouz — O3ug)vi+ )

)
Z/ ( (83u1 — 81U3)U
“ )

(811&2 — 62u1 V3
(’LL3(921}1 — U283U1)+ (ngu;; — TL3’LL2)U1+
= —/ (u103v9 — ugdiv2)+ | dx +/ (ngu; —njug)va+ | ds
Q oN

(U261U3 — U182U3) (nlu2 - n2U1)U3

:/u‘vad:r%—/ (n X u)-vds
Q o9
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stiffness matrix of magneto-static problem by FreeFem++

load "msh3"

load "Dissection"

defaulttoDissection;

mesh3 Th=cube (20,20, 20);

fespace VQh (Th, [Edge03d, P1]); // Nedelec element
voh [ul, u2, u3, pl, [Vvl, v2 v3, ql;

varf aa([ul, u2, u3, pj, [v v2, v3, ql) =
int3d(Th) ((dy (u3) - (u2)) * (dy(v3)-dz (v2)) +
(dz (ul)-dx (u3)) * (dz(vl)-dx(v3)) +
(dx (u2) -dy (ul)) x (dx(v2)-dy(vl)) +
dx(p)*v1+dy(p)*v2+dz(p)*v3 +
(g

dx (g) *ul+dy (gq) »u2+dz (q) xu3) ;
matrix A = aa(VQh, VQh, solver=sparsesolver,
tolpivot=1.0e-2, strategy=102);

Nédélec element of degree 0 and P1
No(K) = (Ro(K))’ @ [z x (Po(K))’],  Pi(K)
fespace VQh (Th, [Edge03d,P1]);
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P1 finite element and sparse matrix

7Ty, : triangulation of a domain €, triangular element K € 7,
piecewise linear element : ;| (1, x2) = ag + a121 + aszs
il (Pj) = bij

A : sparse matrix, CRS (Compressed Row Storage) format to
store
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P2 finite element

Ty, : triangulation of a domain €2, triangular element K € 7;,
piecewise quadratic element : 6 DOF on element K.

Gil (71, 12) = ap + a121 + a2w2 + azz? + asr172 + a5z
eilk(Pj) =b0i5 4

by using area coordinates {A1, Ao, A3}, A1 + Ao + A3 = 1.

01 1 -1 -1 A A(201 — 1)
©2 1 -1 -1 Y A2(2X2 — 1)
o3 | 1 -1 -1 Mol [ e -1
o | 4 Aods | 4Xa)3
©s 4 31 4A3)\
©6 4 A1A2 4X1 Ao

fespace Vh(Th,P2);
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numerical integration

Numerical quadrature:
{P;}i<i<m : integration points in K, {w; }i<i<m : weights

]u—uh\OQ—Z/\u—uM deZZ]u—uh ) [2w;

KeT, KeTy, i=1

formula : degree 5, 7 points, gf5pT,
P.C. Hammer, O.J. Marlowe, A.H. Stroud [1956]

area coordinates {\;}3_;  weight
(%}7}),7113) 40’K| X]'
(6 f76 f,9+2\ﬁ) 15%0\(’[(‘ %3

<6+f ,6+W E 3( ) 18IS K| i3

F’é A = P3

Remark

it is not good idea to use interpolation of continuous function to

finite element space, for verification of convergence order.

[IIu — upl1,0 Mmay be smaller (in extreme cases, super convergence)
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treatment of Neumann data around mixed boundary

Neumann data is evaluated by line integral with FEM basis ;.

/ h; ds
I'n

Dirichlet e« T

Neumann
/\Q

For given discrete Neumann data, & is interpolated in FEM
space, h =3, hjpjlry,

Zhj / P59 ds.
j Ty

On the node Q € I'p N Ty, both Dirichlet and Neumann are
necessary.
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advantages of finite element formulation : 1/2

» weak formulation is obtained by integration by part with
clear description on the boundary

» Dirichlet boundary condition, called as essential boundary
condition, is embedded in a functional space

» Neumann boundary condition, called as natural boundary
condition, is treated with surface/line integral by
Gauss-Green’s formula

» computation of local stiffness matrix is performed by
numerical quadrature formula
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Outline
Weak formulation for partial differential equations with 2nd
order derivatives

Finite element stiffness matrix from weak form
positivity of the matrix from coercivity of the bilinear form
a penalty method to treat Dirichlet boundary data
direct method
CG / GMRES methods for symmetric/unsymmetric sparse
matrices

Nonlinear finite element solution by Newton method
Syntax and data structure of FreeFem++ language
Schwarz algorithm as preconditioner for global Krylov iteration

Time-dependent Navier-Stokes equations around a cylinder 22/70



discretization and matrix formulation : 1/2

finite element basis, span[1,...,on]| =V4 CV

up € Vi = up =D cien Uit

finite element nodes { P; }] 1» vi(Pj) = 6;; Lagrange element
Ap c A={1,...,N} :index of node on the Dirichlet boundary

Vi(g) = {un € Vi up = Zui%"uk =gr (k€ Ap)}

Find up, € V3 (g) s.t.
a(uh,’uh) = F(’Uh) Vvh € Vh(O).

Find {uj},uk = gk(k € AD) S.t.
a(Y ujps, » vier) = F(O_ vips) Hoitk,op = 0(k € Ap)
j i i

Find {Uj }jEAS-t-

Za(npj,gpi)uj = F(¢i) Vie A\ Ap
J U = gk Vk € Ap
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discretization and matrix formulation : 2/2

Find {u‘j}jEA\ADS't'
a(pj,pi)u; = Flpi) — Y aler,vige Vi€ A\ Ap

JEAAD keAp
A={alpj,pi)}tijena, AERYM feR", n=4+#(A\Ap)
Lemma

A : positive definite (coercive) < (Au,u) > 0VYu # 0
= Awu = f has a unique solution.
A : bijective
» injective: Au=0,0=(Au,u) >0 = u=0.
» surjective:
R = ImA @ (ImA)L, u € (ImA)L = (Av,u) =0 Vv € R?
by putting v = u, 0 = (Au,u) =u=0
(ImA)+ = {0} = ImA = R™.
unymmetric = solution by L DU-factorization, GMRES method

symmetric = solution by LD L” -factorization, CG method
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Sobolev space

P1 element element space does not belong to C'*(Q).
V =HYQ),
(u,v) = / uv + Vu- Vo, ||[ul]? = (u,u) < +oo

0
mﬁz/uw
Q

lul? = / Vu - Vu.
Q

H} ={ue H(Q); u=00n0dQ}.

Lemma (Poincaré’s inequality)
AC(Q) ue HE = lullo < C(Q)|ul.

a(u,v) = [, Vu- Vv is coercive on V.

1
a(u,u) = uf} = 25 lull.
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FreeFem++ script to solve Poisson eq. using matrix
Find uy, € V4 (g) s.t. a(up,vp) = F(vp,) Yo € V(0).

» example3.ed| » solve
Vh u,v; B 2

varf aa(u,v)=int2d(Th) (dx (u) *dx (v) +dy (u) *dy (v) )
+on(2,3,4,u=qg);

varf external (u,v)=int2d(Th) (fxv)+intl1d(Th, 1) (h*xv)
+ton(2,3,4,u=9g);

real tgv=1.0e+30;

matrix A = aa(Vh,Vh, tgv=tgv, solver=CG) ;

real[int] ff = external (0,Vh,tgv=tgv);

ul] = A~-1 * ff; // u : fem unknown, ul[] : vector
plot (u);
useful liner solver; solver=
CG iterative solver for SPD matrix
GMRES iterative solver for nonsingular matrix
UMFPACK direct solver for nonsingular matrix

sparsesolver other solvers called by dynamic link
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penalty method to solve inhomogeneous Dirichlet problem

modification of diagonal entries of A where index k € Ap
penalization parameter 7 = 1/¢; tgv

Uk

Usg

[Alij = a(pj, %)

9

fi

kakeAD

TUE + E Ak jU; = TG < Up — gk = e(— E a;wuJ

J#k

> aiju; = fi
j

J#k

Vie{l,...,N}\ Ap.

keeping symmetry of the matrix without changing index

numbering.
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LDLT/LDU factorization
[an ﬁip] [ 1 0 ] [an ﬁf]
a1 Ag Ozlal_ll S99 0 Iy

[ 0] fan 0][1 af'sf
a oqafll 522 0 IQ 0 IQ

—1
Schur complement Sgy = Ags — aaj) B

rank-1 update
L DU-factorization with symmetric pivoting : A =117 LDU 11
dok=1,---,N

find k <1 <nmax|A(,1)],

exchange rows and columns : A(k, x) < A(l, %), A(x, k) < A(x,1).
rank-1 update
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conjugate gradient method

Aii = f.
preconditioner Q ~ A~!

Krylov subsp. : K, (Q7°, QA)=span[Q7°, QAQ7?.

Find @™ € K,(Q7°, QA) + @° s.t.

(AQ™ — £.0) = 0 V7 € Ko (Q7°, QA).

Preconditioned CG method

2 : initial step for CG.

70 = f— Aq®

70 = Q.

loopn=0,1,...
an = (Q*” *”)/(A ", pm),

@t =a" + anp™,

—*n-i-l = Fn oznAﬁ”,
if ||7 Y| < e exit loop.
Bn = (QrmH, F”“)/(Q”" "),
ﬁnJrl an+1 +ﬂ

LinearCG (opA,u, f,precon=o0pQ, nbiter=100, eps=1

- (QA) Q]

.0e-10)
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GMRES method : 1/2
Krylov subspace K, (70, A) = span[r?, A70, ... A"~ 170]
Find u" € K, (7 .A) + 770 s.t.
|Ai™ — f]| < [|AT™ = fl| V5 € Kn(7°, A) + i

Vi o Arnoldi basis generated by Gram-Schmidt orthogonization
for Krylov vectors.
i=Vny, §€R™ J(7) :=||[AViny — 7o]|
= [|Vin1(AVin — 7o)
= IV, +1AV )T = (Vegs170) |
=||Hng - peill. (8= 7ll)

Findy e R™ J(y) < J(z) VZeR™.
minimization problem with Hessenberg matrix H,,, € R(m+1)xm

is solved by Givens rotation.

LinearGMRES (opA, u, £, precon=opQ, nbiter=100,
eps=1.0e-10)
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GMRES method : 2/2
Arnoldi method (Gram-Schmidt method on Krylov subspace)

||t1]|=1; doj=1,2,...,m
doi=1,2,...,j
Bj o= AT — Yy ciejhigti,  hag = (AT, )
Ui o= Wj/hjrr,  hjrag = |||
Givens rotation matrices Q; € R(m+1)x(m+1)

Ii
Qz’ =

G s T S B NS F—
-8 G I VR +h3, Vi1 +hs,
Qm = Qi -+ - Qp € RmH)x(m+1)

R, := Q.. H,,: upper triangular,

gm = Qm(Ber) =[11 72 -+ Ym+1

Ry, = [ Fem ] (R, € R g i | I ] (gm € R™).
0 T 0 ~ Ym+1

min||Be1 — Hypy|| = min||gm — Bmyll = [Ymi1| = [s152- w5
ym = R, gm attains the minimum.

Remark : 3R,! (1 <m < M) for all non-singular matrix A. 31/70
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advantages of finite element formulation 2/2

» solvability of linear system is inherited from solvability of
continuous weak formulation

better to learn for efficient computation

» treatment of Dirichlet boundary conditions in FreeFem++
with explicit usage of matrix and linear solver

» Direct solver like UMFPACK is efficient for 2D problems,
but for 3D iterative solvers such as CG/GMERES with

good preconditioner (e.g. additive Schwarz method) are
necessary.
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Outline

Weak formulation for partial differential equations with 2nd
order derivatives

Finite element stiffness matrix from weak form

Nonlinear finite element solution by Newton method
stationary Navier-Stokes equations and a weak formulation
differential calculus of nonlinear operator and Newton
iteration

Syntax and data structure of FreeFem++ language
Schwarz algorithm as preconditioner for global Krylov iteration
Time-dependent Navier-Stokes equations around a cylinder

Thermal convection nroblem bv Ravleigh-Bénard eas. 33/70



stationary Navier-Stokes equations and a weak formulation
Q=1(0,1) x (0,1)
—2vV - D(u)+u-Vu+Vp=finQ

V-u=0in
u = g on Jf)
> Vig)={ve H'(Q)?;v=yg0nd0}, V=V(0)
» Q=1L3(Q) ={pe L*Q); [,pdx =0} —

bi/tri-linear forms and weak formulation :
a(u,v) = /QVD(u) : D(v)dx u,v € H'(Q)?
Q

al(u,v,w):/(u-Vv)-w u,v,w € H'(Q)?
Q

b(v,p) = —/V-vpda: ve HY(Q)?, pe L3(Q)
Find (u,p) EQV(g) X @ s.t.
a(u,v) + a1 (u,u,v) + blv,p) = (f,v) YveV,

bu,q) =0 Vqe€Q.
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nonlinear system of the stationary solution

A(u7p7 v, Q) = CL(U, U) + a1 (U, u, U) + b(’U,p) + b(”? Q)
nonlinear problem:

Find (u,p) € V(g) x Q s.t. A(u,p; v,q) = (f,v) V(v.q) €V X Q.
ai(+,-,-) : trilinear form,

ar(u + du,u + du,v) = a1 (u, u + ou,v) + a1 (du, u + du, v)
= ay(u,u,v) + a1(u, 0u,v) + a1 (du, u,v) + a1 (du, du, v)

A(u+ du,p+0p; v,q) — A(u,p; v,q)
=a(u + ou,v) — a(u,v)

+b(v,p + 0p) = b(v, p) + b(u + du, ¢) — b(u, q)

+ a1 (u+ du,u + du,v) — aj(u, u, v)
=a(6u,v) + b(v, dp) + b(du, q) + a1 (du, u,v) + a1 (u, du,v) + O(||6u|*)
Find (du,dp) € V x @ s.t.

a(du,v) + b(v, 6p) + b(du, q)+a1(du, u,v) + a1 (u, du,v) =
— Au,p; v,q9) V(v,q) €V xQ
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Newton iteration

(uo,p0) € V(g) x Q
loopn=0,1...
Find (du,dp) € V x @ s.t.
a(du,v) + b(v, 0p) + b(du, q) + a1 (du, up, v) + a1 (up, du,v) =

A(tn,prn; v,q) Y(v,q) €V X Q

if ||(6u, 6p)||v <@ < € then break

Un+1 = Up — ou,

Pnt1l = Pn — OD.
loop end.

» example4.edp

(u®,p®) € V(g) x Q : solution of the Stokes egs., v = 1.
while (v > vmin)

Newton iteration (u*+D) p*+1)) € V(g) x Q from (u®), p#)).

v="u0/2, k++.
while end.
initial guess from the stationary state of lower Reynolds number
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mesh adaptation

fespace XXMh (Th, [P2,P2,P1]);

XXMh [ul,u2,p]l;

real lerr=0.01;

Th=adaptmesh (Th, [ul,u2], p, err=lerr, nbvx=100000);
[ul,u2,pl=[ul,u2,pl; // interpolation on the new mesh

T

i
X
(b
X
s
/

err : P interpolation error level
nbvx : maximum number of vertexes to be generated.
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FreeFem++ for non-linear problem

» Jacobian of Newton method needs to be obtained from
differential calculus

» good initial guess is necessary to achieve fast
convergence of Newton method

» combination with mesh adaptation is an effective technique
to improve initial conditions for Newton method
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Outline
Weak formulation for partial differential equations with 2nd
order derivatives
Finite element stiffness matrix from weak form

Nonlinear finite element solution by Newton method

Syntax and data structure of FreeFem++ language
control flow
data structure; array and FE object
sparse matrix
function macro
procedure to compute SpMV for built-in iterative solver

Schwarz algorithm as preconditioner for global Krylov iteration

Time-dependent Navier-Stokes equations around a cylinder 39/70



syntax of FreeFem++ script

for loop

for (int i=0; 1<10; i++) {

if (err < 1.0e-6) break;

}

while loop

int 1 = 0;

while (i < 10) {

if (err < 1.0e-6) break;
i++;

}

procedure (function)

func real[int] ff(reall[int] &pp) { // C++ reference
real [int] q9g;

aqq = ... pp ; // calculate gq from pp
return qq; // return data reallint]
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array and finite element ob%ect
mesh Th=square (20

fespace Xh(Th, P1l); // Pl finite element on Th

Xh uh; // Pl finite element object
int n = Xh.ndof; // DOF of FE space Xh
real[int] u(n); //
u = uh[]; // copy data from FE object to array
for (int i = 0; 1 < n; 1i++)

u(i)=uhl] (1i); // index-wise copy, but slow
real[int] u; // not yet allocated
u.resize (10); // same as C++ STL vector
real[int] vv = v; // allocated as same size of v.n
a(2)=0.0 ; // set value of 3rd index
a += b; // a(i) = a(i) + b(i)
a=>b . c ; // a(i) = b(i) = c(i); element-wise
a=b<c?b:c// a(l) =min(b(i), c(i)); C-syntax
a.sum; // sum a(i);
a.n; // size of array

There are other operations such as ¢!, ¢2, /*°-norms, max, min.
cf. Finite element analysis by mathematical programming language
FreeFem++, Ohtsuka-Takaishi [2014]. 41/70



vector-valued finite element object and 2D array

vector valued FE object
mesh Th=square (20, 20) ;
fespace Xh(Th, [P1, P1l]); // P1-P1 finite element on Th

Xh [uhl, uh2]; // Pl finite element object

real[int] u(uhl[].n+uh2[].n); // allocation of array

real[int] v (Xh,nodf); //

u = [u 1[1, uh2[]1]; // copy of vector-valued object

v 101; // ulh[] shows a pointer to an array
// in [uhl, uh2]

2-D array

mesh Th=square (20, 20);
fespace Xh(Th, P1l); // Pl finite element on Th
Xh[int] uh(10); // 10 sized array of FE object
real[int,int] uu(Xh.ndof, 10); // 2D array
for (int m = 0; m < 10; m++) {

uu(:,m)=uh[m] [](:); // copy each array
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variational form and sparse matrix
mesh Th=square (20, 20);
fespace Xh(Th, P1l); Xh u, v;

func fnc = sin(pi * x + pi * y);

varf a(u, v) = int2d(Th) (dx (u) *dx (v) +dy (u) »dy (v) )
+ on(l,u=0.0);

varf f(u, v) = int2d(Th) (fnc * v);

matrix AA = a(Xh, Xh, solver=UMFPACK) ;
real[int] x(Xh.ndof), b(X.ndof);

b = £(Xh, 0); // RHS from external force
x = AA*-1 x Db; // solution of linear system
int n = 10; // example to generate

reall[int, int] mm(n, n); // sparse matrix from 2D array

Xh [int] uh(n);

for (int 1 = 0; i < n; i++)
(
0;

uh[i] = sin(pi > real (i+1l) * x);

for (int j = 0; 3 < n; J++)
for (int i = 0; i < n; 1i++)
mm(i, Jj)=uh[i]1[]"*uh[j]1[]; //’ inner product
matrix aa = mm; // copy into sparse matrix

set (aa, solver=UMFPACK);// set sparse solver 43/70



function macro and FEM object

func fnc = sin(pi*x)+*sin(pi*y); // function with x,y
mesh Th=square (20, 20);
fespace Vh(Th, P2);

Vh fh;
fh = fnc; // P2 interpolation using mesh data
real sumO = int2d(Th) (fh % fh); //numerical quadrature

// applied to P2 FE object
int2d (Th) (fnc * fnc);//numerical quadrature
// applied to (x,y)-func.

real suml

quadrature gf5pT
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procedure and CG built-in function : 1/2
int n 20;
mesh Th=square(n,n);
fespace Vh(Th,P1l); Vh u,v;
func £ = 5.0/4.0xpi*pi*sin(pi*x)*sin(pixy/2.0);

» example5.edp  » varf+matrix

func h = (-pi)/2.0*sin(pix*x);
func g = sin(pi*x)*sin(pix*xy/2.0);
varf aa(u,v) = int2d(Th) (dx (u) »dx (v) +dy (u) *xdy (v) )
+ on(2,3,4,u=1.0);
varf external (u,v) = int2d(Th) (f*v) + intld(Th,1) (h*v);

real tgv=1.0e+30;

matrix A;

real[int] bc = aa(0, Vh, tgv=tgv);

func reall[int] opA(real[int] &pp)

{
pp = bc ? 0.0 : pp; // SpMV operation only for inner
real[int] gg = A % pp;// node without Dirichlet bdry.
pp = bc ? 0.0 : qgg;
return pp;
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procedure and CG built-in function : 2/2

func real[int] opQ(real[int] &pp) // diagonal scaling
{
for (int 1 = 0; 1 < pp.n; i++) {
pp (i) = pp(i) / A(i, 1);
}
pp = bc ? 0.0 : pp;
return pp;

A = aa(Vh, Vh, tgv=tgv, solver=sparsesolver);

real[int] ff = external (0, Vh);

v = g; // g is valid only on the bdry 1
ul[] = bc ? v[] : 0.0; // ul[] has Dirichlet data w/o tgv
v[] = A % ul]l; // v[] = A_{12}%g

v[] = bc ? 0.0 : v[];

ff —= vI[]; // ff_ {1} —-= A_{12}*u_{2}

ff = bc 2?2 0.0 : ff;
LinearCG(opA, ul], ff, precon=opQ, nbiter=200,
eps=1.0e-10,verbosity=50);
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Outline

Weak formulation for partial differential equations with 2nd
order derivatives

Finite element stiffness matrix from weak form
Nonlinear finite element solution by Newton method
Syntax and data structure of FreeFem++ language

Schwarz algorithm as preconditioner for global Krylov iteration
overlapping subdomains and RAS/ASM
2-level algorithm with a coarse space

Time-dependent Navier-Stokes equations around a cylinder

Thermal convection problem by Rayleigh-Bénard egs.
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Schwarz algorithm : 1/2

Qo
Jacobi-Schwarz algorithm
ul, ud : given
loopn=0,1,2,---
AT = fingy —Auitt = finQy
w1 =0 0n 90 NoN uy™ =0 0on 99, NN
’U,?Jrl = ’LLEL on 901 N QQ ungl = U? on 9, N Ql

» parallel computation, extendable to more than two
subdomains

» overlapping subdomain
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Restricted Additive Schwarz algorithm : 1/2

partition of unity
w= "0 Ei(xiw)
» FE; : extension from ©; to Q
> ; : partition of unity function in Q;

loopn=0,1,2,---
—Awtt = finQ;

1= 00ndQ; NON
w?“ =u" on 99Q; N Q;
uth =32 Ei(xw) )
by substituting A" that satisfies ™ = 0 on 99; N 9
— AW At = f 4 Au™in Q
w"Jr1 u™ =0 on 9Q; N oA, w"Jrl u" =00n o NQ;
W — = 3 Ei(wl ) = Y5 By

= Y Eil(wit! —um))
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Restricted Additive Schwarz algorithm : 2/2
Restricted additive Schwarz (RAS) algorithm
ul, ud : given
loopn=0,1,2,---

r = f 4+ Au"

— AU = i
vt =0 on 09,

2
un+1 ="+ ZEZ(XZ,UZL-H)
=1

RAS = Jacobi-Schwarz method

proof by induction
A" +v)) =—-AW)+r" = finQ

u" 4+ vt =u" on 9Q; NN
u" = Ei(xiuf) + Ex(xauy)
u" = E1(0-u}) + Ea(1-ub) = uy on 0Q; N Qs .
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Additive Schwarz algorithm
loopn=0,1,2,---
~Aw! = finQ;
w™ =0 0n 9Q; N N
w?“ =" on 9%, N Qj
W =300 Bi(wp )
Additive Schwarz Method (ASM)
ul, ud : given
loopn=0,1,2,---
r" = f 4+ Au"
— A =" in Q;

vt =0 on 99;

2
unJrl = "+ ZEi(U?+1)
=1
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Schwarz methods as preconditioner
ASM preconditioner
Magy = Y_ By (RyAR]) 'R,
p=1
ASM does not converge as fixed point iteration, but M SM is
symmetric and works well as a preconditioner for CG method.

RAS preconditioner

Mgas = >  RIDy(R,AR]) 'R,

p=1
RAS does converge but MF};S is not symmetric and then works
as a preconditioner for GMRES method.

convergence of ASM, RAS: slow for many subdomains
= coarse space
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2-level Schwarz methods with a coarse space

coarse space by Nicolaides
D, : discrete representatlon of the partition of unity
Zp \RIDyR, = Iy,

{z,} c RY : basis of coarse space, Z = |71, - , Zu]-
Z, = RID,R,I,

Ry =

2-level ASM preconditioner

Mydyo = R§ (RoAR)™ 1RO+ZRT R,ARI)7'R,
p=1
2-level RAS preconditioner
Mpas» = RS (RoARS) ™' R +ZR Dy(R,ART) 'R,
p=1
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FreeFem++ script for a 3D domain computation

Subdomain problems : solved by a direct solver > example.edp
can be distributed in paralle machine.
» domain decomposition by METIS
metisdual ()
» overlapping subdomain from non-overlapping one using
numerical diffusion operator
func bool AddLayers ()
» partition of unity
func bool SubdomainsPartitionUnity ()
cf. V. Dolean, P Jolivet, F. Nataf, An Introduction to Domain
Decomposition Methods — Algorithms, Theory, and Parallel
Implementation, SIAM, 2015. ISBN 978-1-611974-05-8
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Outline

Weak formulation for partial differential equations with 2nd
order derivatives

Finite element stiffness matrix from weak form

Nonlinear finite element solution by Newton method

Syntax and data structure of FreeFem++ language

Schwarz algorithm as preconditioner for global Krylov iteration

Time-dependent Navier-Stokes equations around a cylinder
boundary conditions of incompressible flow around a
cylinder

Thermal convection problem by Rayleigh-Bénard egs.
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incompressible flow around a cylinder : boundary conditions
Q=(-1,9) x (-1,1)

I
) O :
Iy
ou .
a+u-Vu—2yV-D(u)+Vp:0|nQ
V-u=0inQ
u = g on o)

boundary conditions:

Poiseuille flow on Ty : u = (1 —%2,0).
. . . u-n=>0

slip boundary conditionon T’y UT's : { (2uD(u)n —np) -t = 0

no-slip boundary conditiononw : u =10

outflow boundary condition on I'y : 2vD(u)n —np =0
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slip boundary conditions and function space
I's

< O :

Iy
slip boundary conditionon T’y UT's :

u-n=>0
(2vD(u)n —np)-t=0
» Vig)={ve HY(Q)?;v=gonT Uw, v-n=00nT;UTs},
> Q: LQ(Q> » non-slip

(2vD(u)n — np) - vds :/ (2vD(u)n — np) - (vpn + vet)ds

Iul's I'ul's

:/ (2vD(u)n —np) - (v-n)nds
I'ul's
+ / (2vD(u)n — np) - tvyds =0
' ul's
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characteristic line and material derivative

u(xy, z2,t) : Q x (0,T] — R?, given velocity field.
¢(x1,$2,t) 1 QX (O,T] — R.
X(t) : (0,7] — R?, characteristic curve :

dX
() = u(X(1),0), X(0) = Xo

d d

0
70X (0),8) =Vo(X (1)) - X (1) + 5. 0(X(t), 1)

=VH(X(0) 1) (X (0),8) + 5 (X (0),1)

. o Do 0 ‘
material derivative : — = — U - )
i ivativ D aﬁb +u-Vo

approximation by difference
Do(X(t),t)  o(X(1),t) — d(X(t — At),t — At)
Dt At
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characteristic Galerkin method to discretized

approximation by Euler method :

tn < tni1, tna1 = At + by, Tl

X(tht1) =z |
X(t,) = X"(z) + O(A#?)

X"(z) =2 —u(z,ty)

Do(X (tn+1), tnt1) P(z,tni1) — (X"t

Dt B At +O(AY)

¢n+1 _ ¢n o X"

- At '

u" : obtained in the previous time step.
Find (u"!,p"*1) € V(g) x Q s.t.

untl — o X7
(=

,v) + a(u™ v) +b(v,p" T =0 Vv eV,

b(u"q) =0 VgeQ.
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FreeFem++ script using characteristic Galerkin method

FreeFem++ provides convect to compute (u™ o X™, -).

real nu=1.0/Re; » example7.edp
real alpha=1.0/dt;
int i;

problem NS ([ul,u2,p],[Vv]1,v2,q],solver=UMFPACK, init=1i) =
int2d (Th) (alphax (ulxvl + u2=*v2)
+2.0xnu* (dx (ul) *dx (v1l)+2.0%d12 (ul,u2)*dl2 (vl,v2)
+dy (u2) »dy (v2))
- p * div(vl, v2) - g * div(ul, u2))
- int2d(Th) (alphax ( convect ([upl,up2],-dt,upl) *vl
+convect ([upl,up2],-dt,up2) *xv2) )
+ on(l,3,u2=0)+on(4,ul=1.0-yxy,u2=0)+on (5,ul=0,u2=0);

for (i = 0; 1 <= timestepmax; i++) {
upl = ul; up2 = u2; pp = p;
NS; // factorization is called when 1i=0

plot ([upl,up2],pp,wait=0,value=true, coef=0.1);
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FreeFem++ script for mesh generation around a cylinder

Delaunay triangulation from nodes given on the boundary
boundary segments are oriented and should be connected.

int nl = 30;
int n2 = 60;

border ba(t=0,1.0) {x=tx10.0-1.0;y=-1.0;1label=1;};
border bb(t=0,1.0) {x=9.0;y=2.0+xt-1.0; label=2;};
border bc(t=0,1.0) {x=9.0-10.0xt;y=1.0;1label=3;1};
border bd(t=0,1.0) {x=-1.0;y=1.0-2.0*t;label=4;};
border cc (t=0,2xpi) {x=cos (t)*0.25+0.75;

y=sin(t)*0.25; label=5;};
mesh Th=buildmesh (ba(n2)+bb (nl)+bc (n2)+bd(nl)+cc(-nl));
plot (Th);
NNV NANAAY
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stream line for visualization of flow around a cylinder : 1/2
o) ]
—019]°
boundary conditions for the stream line:
3 Y Y
inlet: Yy — % = / ul(xlat)dt = / 82¢(x17t)dt = w(xlay) - w(mlao)
0 0

3

stream function ¢ : Q - R, u = [

3
P(r1,y) =¢(x1,0)+y—y§ =y-—

slip: o_/ up(t, + 1)dt = / —Op(t, £1)dt = p(x, £1) — p(x, £1)
Pz, £1) = p(zq, £1) = p(21,0) £ 2/3 = +2/3.

w|S

0 0
cyIinder:O:/ u-nd@z/ —01 rsin@ + dorprcosf

- —T

0

0
=/ %@z}(r,e)de
center from inlet: uo = 0 = same as slip wall ,
Yl = ¢(21,0) = 0. 62/70



stream line for visualization of flow around a cylinder : 2/2
I3

Iy
slip boundary condition on I'; U I's, outflow on T's.
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Outline

Weak formulation for partial differential equations with 2nd
order derivatives

Finite element stiffness matrix from weak form

Nonlinear finite element solution by Newton method

Syntax and data structure of FreeFem++ language

Schwarz algorithm as preconditioner for global Krylov iteration
Time-dependent Navier-Stokes equations around a cylinder

Thermal convection problem by Rayleigh-Bénard egs.
governing equations by Boussinesq approximation
stationary solution by Newton method from numerical
stationarv solution 64/70



thermal convection in a box : 1/2
F3:9:90,UQ:0

F4:8n9:0,u1:0 thanezo,ulzo

I':0=00+A0,us =0

Rayleigh-Bénard equations

0 .
p(£+u~Vu> — 2V - poD(u) + Vp = —pgéea in Q,
V-u=0inQ,

00 .
a—i—u-V@—V-(Kﬂ)zOan.

€ @ unit normal of y-direction
d : height of the box, ¢ : gravity acceleration,
 : thermal diffusivity, 1o : viscosity
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thermal convection in a box : 2/2

Boussinesq approximation : p = po{1 — a6 — 0y)}, 6p = 0.
po: representative density, « : thermal expansion coefficient.
non-dimensional Rayleigh-Bénard equations

Plr(g;uu.vu)_zv.p<u>+Vp=Raeéz inQ,
V-u=0inQ,
%—ku-VG—AG:OinQ

u-n=0o0nof,

f=1onl,

#=0onTlg,

» Pr = 1% Prandtl number,
Kpo
_ pogaAGd?

ko

» Ra : Rayleigh number.

o0 =00onTyUuly.
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a weak form to solve time-dependent Rayleigh-Bénard eqs.

» velocity : V = {v € H'(2)?; v-n = 0o0n 9N},

» pressure : Q = L3(Q) = {p € L*(Q); [,pdx =0},

» temperature : ¥p={0cH'(Q); 0 =10onT1,0 =0o0nT3}.
biIinear forms:
ag(u v) = [o2D(u) : D(v), b(v,p)=— [V -vp,
co(0,9) = [, VO - V.
using Characterlstlc Galerkin method: > examples.edp
(u™,6") € V x Up : from previous time step
Find (u™t1, p" Tl 0"t e V x Q x ¥p s.t.

1 n+1 . /n X’IL
Pr <u Aut - ,f) +ao(u™™,v) + b(v,p" ") = Ra(6"E, v)
T

Yo €V,
b(u",q) =0 VgeQ,

9n+l —fno XN
() el =0 e e v,
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a weak form to solve stationary Rayleigh-Bénard egs.

trilinear forms and bilinear form for the Navier-Stokes egs.
> ap(u, v, w) Per u- Vo) - w
> c1(u,0,v9) = fﬂ u-Vo) -1
> A(u,p; v,q) = ap(u,v) + a1 (u,u,v) + b(v,p) + b(u, q)
Newton iteration (ug,po,00) € V x Q x ¥Up » example9.edp
loopn=0,1...
Find (6u, dp,d60) € V x Q x ¥y s.t.
ao(du,v) + b(v, dp) + b(du, q) + a1(du,up, v) + a1 (up, du,v)
—Ra(d0é,v) = A(up,pn; v,q) — Ra(bpe2,v) V(v,q) €V xQ
co(00,¢) + c1(un, 60,%) + c1(du, O, ) = co(On, V) + c1(tn, On, V)
Vi) € Wy
if [|(6w, 0p, 08)||lvxoxw < € then break
Upt+1 = Up — OU, Ppi1 =Pn —0p, Opy1 =0y — 00,
loop end.
initial data < stationary solution by time-dependent problem.
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Application of finite element method to fluid problems

Time-dependent Navier-Stokes equations

» material derivative is approximated by Characteristic
Galerkin method

» functional space of pressure depends on boundary
conditions of flow, e.g., inflow, non-slip, slip, and outflow.

Thermal convection problem by Rayleigh-Bénard equations

» time-dependent problems for fluid and temperature by
convection are solved by Characteristic Galerkin method

» stationary solution is obtained by Newton iteration using an
initial value obtained from time-evolutionary solution

69/70



References

FreeFem++:

» F. Hecht, FreeFem++ manual, 3rd ed., 2015.

» K. Ohtsuka, T. Takaishi, Finite element analysis by
mathematical programming language FreeFem++ (in
Japanese), Industrial and Applied Mathematics Series
Vol.4, Kyoritsu, 2014.

» |. Danaila, F. Hecht, O. Pironneau, Simulation numérique
en C++, Dunod, 2003.

Finite element theory:

» D. Braess, Finite elements — Theory, fast solvers and
application in solid mechanics, 3rd ed., Cambridge Univ.
Press, 2007.

» A. Ern, J.-L. Guermond, Theory and practice of finite
elements, Springer Verlag, New-York, 2004.

» M. Tabata, Numerical solution of partial differential
equations Il (in Japanese), lwanami Shoten, 1994.

70/70



exanplel.edp 1/1

/'l exanple 1 : poisson-m xedBC. edp [slide page 8]
/1 finite elenent solution of Poisson equation with m xed boundary condition
/1 for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuk

int n = 20;
mesh Th=square(n,n);
f espace Vh(Th, P1);

Vh uh, vh;
real err, hh;

func f = 5.0/4.0 * pi * pi * sin(pi * x) * sin(pi *y [/ 2.0);
func h = (-pi)/2.0 * sin(pi * X);
func g = sin(pi * x) * sin(pi *y [/ 2.0);

[l for error estimation

func sol = sin(pi * x) * sin(pi *y [/ 2.0);
func solx = pi * cos(pi * x) * sin(pi *y /[ 2.0);

func soly = (pi / 2.0) * sin(pi * x) * cos(pi *y [/ 2.0);
sol ve poi sson(uh, vh) =

int2d(Th) ( dx(uh)*dx(vh)+dy(uh)*dy(vh) )

- int2d(Th)( f*vh )

- intld(Th,1) (h * vh)

+ on(2,3,4,uh=g);

hh = 1.0/ real(n) * sqgrt(2.0);

/1 int2d uses gf5pT : 5th order integration quadrature

err = int2d(Th)( (dx(uh) - solx) * (dx(uh) - solx) +
(dy(uh) - soly) * (dy(uh) - soly) +
(uh - sol) * (uh - sol));

err = sqrt(err);

cout << "DOF=" << uh[].n << "\t h=" << hh << " err-Hl=" << err << endl;
pl ot (uh, wai t =1) ;



exanpl e2. edp 1/2

/'l exanple 2 : stokes-m xedBC. edp [slide page 12]

/1 error estimation for finite element solution of Stokes equations
[l with P2/P1 or Plb/ Pl el enent

[l for RITT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki

int nl = 20;

int n2 =nl * 2;

nesh Thl=square(nl, nl);
nmesh Th2=square(n2, n2);

/1 finite el enent spaces
fespace Vh1(Thl, P2), Gh1(Th1, P1);
fespace Vh2(Th2, P2), h2(Th2, P1);

/1 fespace Vh1(Th1l, P1), Ch1(Thl, P1);
/'l fespace Vh2(Th2, P1), Ch2(Th2, P1);

/1 fespace Vh1(Thl, P2), Ch1(Thl, PO);
/'l fespace Vh2(Th2, P2), Gh2(Th2, PO);

/] external force

func f1 =5.0/8.0 * pi * pi * sin(pi * x) * sin(pi *y/ 2.0) + 2.0 * x;
func f2 =5.0/4.0 * pi * pi * cos(pi * x) * cos(pi *y [/ 2.0) + 2.0 * y;
func hl = 3.0/4.0 * pi * sin(pi * x) * cos(pi *y [/ 2.0);

func h2 = pi * cos(pi * x) * sin(pi *y/ 2.0) +Xx * X +y * vy;

func soll = sin(pi * x) * sin(pi *y /[ 2.0) / 2.0;

func sol 2 = cos(pi * x) * cos(pi *y [/ 2.0);

func solp = x * x +y *vy;

func sol 1x
func sol 1y

pi * cos(pi * x) * sin(pi *y /[ 2.0) [/ 2.0;
pi / 2.0 * sin(pi * x) * cos(pi *y [/ 2.0) / 2.0;

func sol 2x
func sol 2y

(-pi) * sin(pi * x) * cos(pi *y [/ 2.0);
(-pi / 2.0) * cos(pi * x) * sin(pi *y [ 2.0);

// finite elenment solutions and test functions
vhl ull, ul2, v11,vi2

hl pl, ql;

Vh2 u2l,u22,v21,v22;

Gh2 p2, q2;

real epsln = 1. Oe-6;

/1 definitions of macros for strain rate tensor
macro dil1(ul) dx(ul) //

macro d22(u2) dy(u2) //

macro di12(ul,u2) (dy(ul) + dx(u2))/2.0//

/'l stokes problem
sol ve stokes1(ull, ul2, pl, v11i,vi12,ql) =
int2d(Thl) (

2.0*(d11(ul11)*d11(v11)+2.0*d12(ull, ul2)*d12(v1l1, v12) +d22(ul2)*d22(v12))
- plr*dx(v1ll) - pl*dy(v1l2)
- dx(ull)*gl - dy(ul2)*ql)

- Iint2d(Thl) (f1*v11+f2*v12) - intld(Thl, 1) (hl*v11+h2*v12)

+ on(2, 3, 4,ull=sol 1, ul2=sol 2);

real nmeanp,errl,err2, hhl, hh2;

pl ot ([ull, ul?], pl, wait =1, val ue=true, coef =0. 1) ;

sol ve stokes2(u2l,u22,p2, v21,v22,092) =
i nt2d(Th2) (
2.0*(d11(u21)*d11(v21)+2.0*d12(u21, u22)*d12(v21, v22) +d22(u22)*d22(v22))
- p2*dx(v2l1l) - p2*dy(v22)
- dx(u2l)*g2 - dy(u22)*qg2)
- int2d(Th2) (f1*v21+f2*v22) - int1d(Th2, 1) (hl*v21+h2*v22)
+ on(2, 3, 4,u2l=sol 1, u22=sol 2);

pl ot ([u21, u22], p2, wai t =1, val ue=t rue, coef =0. 1) ;
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hhl
hh2

1.0/ nl * sqrt(2.0);
1.0/ n2 * sqrt(2.0);

errl = int2d(Thl)( (dx(ull) - sol 1x) * (dx(ull) - sol 1x)
+ (dy(ull) - solly) * (dy(ull) - sol 1ly)
+ (ull - soll) * (ull - soll) +
(dx(ul2) - sol2x) * (dx(ul2) - sol 2x)
+ (dy(ul2) - sol2y) * (dy(ul2) - sol 2y)
+ (ul2 - sol2) * (ul2 - sol2) +
(pl1 - solp) * (pl - solp));

errl = sqgrt(errl);
err2 = int2d(Th2)( (dx(u2l) - sol 1x) * (dx(u21) - sol 1x)
+ (dy(u2l) - solly) * (dy(u2l) - sol 1ly)
+ (u2l - soll) * (u21 - soll) +
(dx(u22) - sol2x) * (dx(u22) - sol 2x)
+ (dy(u22) - sol2y) * (dy(u22) - sol 2y)
+ (u22 - sol2) * (u22 - sol2) +
(p2 - solp) * (p2 - solp));
err2 = sqrt(err2);
cout << << hhl << << errl << endl
cout << << hh2 << << err2 << endl

cout << << log(errl/err2)/1og(hhl/hh2) << endl
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/'l exanple 3 : poisson-matrix.edp [slide page 26]

/1 finite elenent solution of Poisson equation with m xed boundary condition
[l with Pl el ement

[l for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki

int n = 20;
mesh Th=square(n,n);
f espace Vh(Th, P1);

Vh u, v;
real err, hh;

func f = 5.0/4.0 * pi * pi * sin(pi * x) * sin(pi *y [/ 2.0);
func h = (-pi)/2.0 * sin(pi * X);
func g = sin(pi * x) * sin(pi *y [/ 2.0);

[l for error estimation

func sol = sin(pi * x) * sin(pi *y /[ 2.0);

func sol x pi * cos(pi * x) * sin(pi *y /[ 2.0);

func soly (pi / 2.0) * sin(pi * x) * cos(pi *y [/ 2.0);

varf aa(u,v) = int2d(Th)( dx(u)*dx(v)+dy(u)*dy(v) )
+ on(2,3,4,u=g); // u=1 is enough to say which is Dirichlet node
varf external (u,v) = int2d(Th)( f*v ) + int1ld(Th,1) (h * v)
+ on(2,3,4,u=qg); // inhonogenoues Dirichlet data are given
real tgv=1.0e+30;
matrix A = aa(Vh, Vh, tgv=tgv, sol ver=CG ;
real[int] ff = external (0, Vh,tgv=tgv); // containing Dirichlet data with tgv

u[] = A*-1 * ff;
hh = 1.0/ real(n) * sqgrt(2.0);
/1 int2d uses qf5pT : 5th order integration quadrature

err = int2d(Th)( (dx(u) - solx) * (dx(u) - solx) +

(dy(u) - soly) * (dy(u) - soly) +
(u - sol) * (u - sol));
err = sqgrt(err);

cout << "DOF=" << u[].n << "\t h=" << hh << " err-Hl=" << err << endl;
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/'l exanple 4 : cavityNewton. edp [slide page 36]

/1 stational Navier-Stokes equations in a cavity by Newon iteration
/'l P2/ P1 el enent

[l for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki
/1 based on exanpl es++-tutorial/cavityNewt ow. edp

nesh Th=square(40, 40);
fespace Xh(Th, P2);

fespace Mh(Th, P1);

fespace XXWMh(Th, [ P2, P2, P1]);
XXWh [ul,u2,p], [vl,v2,q];

macro di1(ul) dx(ul) //

macro d22(u2) dy(u2) //

macro di2(ul,u2) (dy(ul) + dx(u2))/2.0//

macro div(ul,u2) (dx(ul) + dy(u2))//

macro grad(ul,u2) [dx(ul), dy(u2)]//

macro ugrad(ul, u2,v) (ul*dx(v) + u2*dy(v)) //

macro Ugrad(ul,u2,vl,v2) [ugrad(ul,u2,vl), ugrad(ul,u2,v2)]//

real epsln = 1. 0e-6;

solve Stokes ([ul,u2,p],[Vvl,Vv2,q], sol ver=UMFPACK) =
int2d(Th)(2.0*(d11(ul)*d11(v1l) + 2.0*d12(ul, u2)*d12(v1l,v2) + d22(u2)*d22(v2))
- p * div(vl,v2) - q * div(ul,u2)
- p* q* epsln)
+ on( 3, ul=4*x*(1-x), u2=0)
+ on(1, 2, 4,ul=0, u2=0);

pl ot (coef =0. 2, cmE= , P, [uUl, u2],wait=1);
Wh psi, phi;

probl em streamn i nes(psi, phi, sol ver =UMFPACK) =
int2d(Th) ( dx(psi)*dx(phi) + dy(psi)*dy(phi))
+ int2d(Th)( -phi*(dy(ul)-dx(u2)))
+ on(1,2,3,4,psi=0);

streanl i nes;
pl ot (psi, wait=1);

real nu=1.0;
XXMh [upl, up2, pp];
varf vDNS ([ul,u2,p],[vl,v2,q]) =
int2d(Th)(nu * 2.0*(d11(ul)*d11(v1l)+2.0*d12(ul, u2)*d12(vl, v2)+d22(u2)*d22(v2))
- p * div(vl, v2) - g * div(ul, u2)
- p*q* epsln
+ Ugrad(ul, u2, upl, up2)’ *[vl,v2] //’
+ Ugrad(upl, up2,ul,u2)’ *[vl,v2]) /I’
+ on(1,2,3,4,ul=0,u2=0);

/1 [upl, up2, pp] are obtained fromthe previous step
varf vNS ([ul,u2,p],[vl,v2,q]) =
int2d(Th)(nu * 2.0*(d11(upl)*di1(vl)+2. 0*d12(upl, up2)*di2(vl, v2)+
d22(up2) *d22(v2))
- pp * div(vl, v2) - g * div(upl, up2)
- pp * g * epsin
+ Ugrad(upl, up2, upl, up2)’ *[vl,v2]) //’
+ on(1,2,3,4,ul=0,u2=0);

Xh uul=ul, uu2=u2; // initial condition is given by Stokes eqs : Re=0.
upl[] =0.0; // initialize for [upl, up2, pp]

real reyini = 100. 0;

real reymax = 12800. 0;

real re = reyini;

int kreymax = |l og(reymax / reyini)/log(2.0) * 2.0;

for(int k = 0; k < kreymax; k++) {
re *= sqrt(2.0);
real lerr=0.02; // paraneter to control mesh refinnmente
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}

i f(re>8000) Ierr=0.01;
i f(re>10000) | err=0.005;
for(int step= 0 ;step < 2; step++) {
Th=adapt mesh(Th, [ul,u2], p, err=lerr, nbvx=100000);
[ul, u2, p]=[ul, u2, p];
[upl, up2, pp]=[upl, up2, pp];
pl ot (Th, wait=1);

for (int i =0; i <20; i++) {
nu=1.01/ re;
upl[] = ul[];

real [int] b = vNS(0, XXwh);
matri x Ans = VDNS(XXMh, XXWh, sol ver =UMFPACK) ;
real [int] w = Ans”™-1*b;

ulf] -=w
cout << << j << << w2 << << re
<< endl ;
if(wl2 < 1.0e-6) break
Y} /1 loop : i

/1l loop : step
stream i nes;
pl ot (psi, nbi s0=30, wai t =1);
/] extract velocity component from[ul, u2, p]

uul = ul;
uu2 = uz2;
pl ot (coef =0. 2, cmE +re+ , psi, [uul, uu2], wait =1, nbi s0=20);

/1l loop : re
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/1 exanple 5 : poisson-LinearCG edp [slide page 45]

/1 finite elenent solution of Poisson equation with m xed boundary condition
/1 in matrix formand sol ved by LinearCG wi th diagonal preconditioner

[l for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki

int n = 20;
nesh Th=square(n, n);
fespace Vh(Th, P1);

Vh u, v;
real err, hh;

func f = 5.0/4.0 * pi * pi * sin(pi * x) * sin(pi *y [/ 2.0);
func h = (-pi)/2.0 * sin(pi * X);
func g = sin(pi * x) * sin(pi *y [/ 2.0);

[l for error estimation

func sol = sin(pi * x) * sin(pi *y /[ 2.0);

func sol x pi * cos(pi * x) * sin(pi *y /[ 2.0);

func soly (pi / 2.0) * sin(pi * x) * cos(pi *y [/ 2.0);

varf aa(u,v) = int2d(Th)( dx(u)*dx(v)+dy(u)*dy(v) )
+ on(2,3,4,u=1.0);
varf external (u,v) = int2d(Th)( f*v ) + int1ld(Th,1) (h * v);

real tgv=1.0e+30;
matrix A
real [int] bc = aa(0, Vh, tgv=tgv);

func real[int] opA(real [int] &pp)

{
pp = bc ? 0.0 : pp; /1 SpMV operation only for node in interior of
real [int] qq = A*pp; /1 the domain w thout Dirichlet nodes
pp = bc ? 0.0 : qq;
return pp;

func real[int] opQreal [int] &pp)
{
for (int i =0; i <pp.n, i++) {
pp(i) = pp(i) / A(i, i);

pp = bc ? 0.0 : pp;
return pp;

}

A = aa(Vh, Vh, tgv=tgv, solver=sparsesolver);
real[int] ff = external (0, Vh);

vV = Q; /1 gis valid only on the boundary 1
u[] =bc ? v[] : 0.0; // u[] has Dirichlet data w thout tgv
v[] = A* u[]; I v[] = A{12}*g

v[] =bc ?2 0.0 : Vv[];

ff -=v[]; [ ff {1}y -= A{12}*u {2}

ff =bc ? 0.0 : ff;
Li near Cq opA, u[], ff, precon=opQ nbiter=200, eps=1.0e-10, verbosity=50);

hh = 1.0/ real(n) * sqgrt(2.0);
/1 int2d uses qf5pT : 5th order integration quadrature
err = int2d(Th)( (dx(u) - solx) * (dx(u) - solx) +
(dy(u) - soly) * (dy(u) - soly) +
(u - sol) * (u - sol));
err = sqgrt(err);

cout << << u[].n << << hh << << err << endl
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/'l exanple6 : Schwarz3d [slide page 54]

/1 Schwarz preconiditoner for Krylov nethod

/1 for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuk
/'l based on FreeFemt+ manual, section 10 and

/1 scripts in An Introduction to Domain Deconposition Methods --

/1 Al gorithns, Theory, and Parallel Inplenentation

/1 V. Dol ean, P Jolivet, F. Nataf, SIAM 2015, |SBN 978-1-611974-05-8

| oad ;
| oad ;
i ncl ude

bool fl agRAS=fal se;
int sizeoverl aps=1,; /'l size of overlap

int[int] NN=[50,50,50]; //
bool w thnetis=true;
int npart= 8;

/1 using nunerical diffusion of mass matrix : FreeFemt+ manual Exanples 11.9
func bool AddLayers(nmesh3 & Th,real[int] &ssd,int n)
{
fespace Vh(Th, P1);
f espace Ph(Th, PO);
Ph s;
s[]= ssd;
Vh u;
varf vMu, v) =i nt 3d( Th, gf order =1) (u*v/ vol ure) ;
mat ri x MevM Ph, Vh);
for(int i1=0;i<n;++) {
ufl= Ms[];
u=u>0.1;
s[1= M>u[]; /71"
s =s > 0.1;

ssd=s[];
return true

}

func bool SubdomainsPartitionUnity(nmesh3 & Th, int nnpart, real[int] & partdof,
i nt sizeoverl aps,
mesh3[int] & Tha,
matrix[int] & Rh, matrix[int] & Dih)

fespace Vh(Th, P1);
f espace Ph(Th, PO);

mesh3 Thi =Th;
fespace Vhi (Thi,Pl); [// FreeFem++ trick, formal definition
Vhi[int] pun(nnpart), dum(nnpart); // local femfunctions Vh sun=0, unssd=s0;
Vh sun = 0, unssd = 0, deno = O;
Ph part;
part[] =partdof;
for(int i=0;i<nnpart;++i) {
Ph suppi = abs(part - i) < 0.1; // boolean 1 in the subdonmain 0 el sewhere
AddLayer s(Th, suppi [], si zeover | aps); /] partitions by adding |ayers
Thi =Tha[i]=trunc(Th, suppi >0, | abel =10, split=1); // rmesh interfaces |abel 10
Ri h[i]=interpol ate(Vhi, Vh,inside=true); // Restriction operator : Vh to Vh
pun[i][] = 1.0;
sun[] += R h[i] *pun[i][]; //
}
for(int i=0;i<nnpart; ++i) {
Thi =Tha[i];
/1 medi t (" Thi"+i, Thi);
pun[i]= pun[i]/sun
Dih[i]=pun[i][]; //diagonal matrix built froma vector if(verbosity > 1)
dunfi] = (pun[i] == 1.0 ?2 0.0 : pun[i]);
demo[] += Rih[i]"*dunfi][];
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pl ot (deno, cnmF ,wai t=1);
return true

}

real [int,int] BB=[[0,1],[0,1],[0,1]];
int [int,int] L=[[1,1],[2,1],[1,1]];
mesh3 Thg=Cube(NN, BB, L) ;

[l medit("Th", Thg);

fespace Ph(Thg, PO);

fespace Vh(Thg, P1);

/I fespace Xh(Thg,[P1, P1, P1]);

Ph part;
Vh  sun=0, unssd=0;
Ph xx=x, yy=y;

if (withnetis) {
int[int] nupart(Thg.nt);
meti sdual (nupart, Thg, npart);
for(int n=0;n<nupart.n; n++)
part[][n] =nupart[n];

[Iplot(part,fill=1, crm¥"subdomai ns", wai t =f al se);

mesh3[int] aTh(npart);

matrix[int] R h(npart);

matrix[int] Dih(npart);

matrix[int] aA(npart);

real [int] partdof(npart);

Vh[int] Z(npart); /'l coarse space : only used as set of arrays
matrix E

Subdormi nsPartitionUnity(Thg, npart, part[], sizeoverlaps, aTh, R h, D h);
[Iplot(part,fill=1, crm¥"subdomai ns", wait=1);

macro Grad(u) [dx(u),dy(u),dz(u)] // EQOMV

func f = 1; /'l external force

func g = 0 ; /'l honobgeneous Dirichlet data

func kappa = 30.; // viscosity

func eta = 0;

Vh rhsgl obal ,uglob; // rhs and solution of the gl obal problem

varf vaglobal (u,v) = int3d(Thg)((1.0 + (kappa - 1.0) * x * y * z) *

Grad(u)’' *Grad(v)) /1’

+on(1,u=1.0);

varf vexternal (u,v)= int3d(Thg)(f*v);

mat ri x Agl obal

real tgv=1.e+30;

real [int] bc = vaglobal (0, Vh, tgv=tgv);

Agl obal = vagl obal (Vh, Vh,tgv=tgv,solver = CG; // global matrix

rhsgl obal [] vexternal (0,Vh); // global rhs

rhsglobal[] = bc ? 0.0 : rhsglobal [];

/1ugl ob[] = Agl obal *-1*rhsgl obal [];

/1 plot(uglob,value=1,fill=1,wait=1, cmm="Sol ution by a direct nethod", di n=3);

for(int n =0; n < npart; n++) {
matrix aT = Aglobal*Rih[n]’; [/
aAln] = R h[n]*aT;
set (aAl n], solver = sparsesolver);

func real[int] opA(real[int] &)
{

v =bc ? 0.0 : v;

real [int] s = Aglobal * v;

s =bc ?2 0.0 : s;

return s;

}

func real[int] opScale(real[int] &v)
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{

v =bc ? 0.0 :

A

real [int] diag(v.n);
di ag = Agl obal . di ag;

real[int] s
s =bc ? 0.0 :

return s;

}

func boo

S;

v ./ diag;

/1 division on each el ement of array

Coar seSpace(natri x &EE)

for (int

Z[n]

n =
1.0;
real [int] zit

0; n < npart;

* Z[n][];

R h[ n]

n++) {

real[int] zitenmp = Dih[n] * zit;
}Z[n][]

real [int,int] Ef(npart,npart); //

for(int

m= 0; m< npart;

opA(Z[ M []);

real[int] zz =
for(int
Ef(m n)

}
EE = Ef

set ( EE, sol ver =UMFPACK) ;

n

return true;

}

:O,

= Z[n][] *zz;

R h[n]’ *zitenp;

I

me+) {

n < npart; n++) {

11

func real[int] opQreal [int] &v)

{

real [int] s(v.n);

s = 0.0;
real [int] vv(npart);

v = bc ? 0.0 :
0; n < npart;

for(int

vvn]= Z[n][]" *v;

n

real [int] zz

for(int

n

s +=zz[ n]

return s;

}

\&

= Er-1 * vy,
0; n < npart;

11

* Z[n][];

n++) {

n++) {

func real[int] opASMreal [int] &v)

{

real [int] s(v.n);

s = 0.0;

v =bc ? 0.0 :

for (int

real [int] bi
real [int] ui

n =

A

0; n < npart;
Ri h[ n] *v;
aA[n]~-1*bi; // local solve

if (flagRAS) {
Di h[ n] *ui ;

bi

el se {

bi

S +=
s = bc
return

}

R h[n]’ *bi ;

?

s:

ui ;

0.0 :

S;

11

n++) {

[l ASMis appropriate for

func real [Iint] opASM2(real [int] &v)

real [int] s(v.n);

s = opQVv);
s += OpASM V) ;

precondi tioner
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return s;

}

func real[int] opP(real[int] &) [/ A-orthogonal projection onto Z*"T : | - AQ
{

real [int] s(v.n);

real [int] s2(v.n);

S = 0pA(Vv);

s2 = opQs);

S =V - S2;

return s;

}

func real[int] opPt(real[int] &v)
{

real[int] s(v.n);

real [int] s2(v.n);

s = opQVv);
s2 = 0pA(S);
S =V - S2;
return s;
}
func real[int] opASMYreal [int] &v)
{
real [int] s(v.n);
s = opQVv);
real [int] ss(v.n);
ss = opPt(v);

real [int] sss(v.n);
sss = OpASM ss);

ss = opP(sss);

S += ss;

return s;

}
Vh un;

Coar seSpace(E); /1 coarse space Vh[int] Z is also generated here
if (flagRAS) {
un = 0.0;
Li near GVRES(opA, un[], rhsglobal [], nbiter=400, precon=opScal e,
eps=1. Oe- 10, ver bosi t y=50) ;

un = 0.0;

Li near GVRES(opA, un[], rhsglobal [], nbiter=200, precon=0pASM
eps=1. Oe- 10, ver bosi t y=50) ;

un = 0;

Li near GVRES(opA, un[], rhsgl obal [], nbiter=200, precon=0pASM,
eps=1. Oe- 10, ver bosi t y=50) ;

un= 0;

Li near GVRES(opA, un[], rhsglobal[], nbiter=200, precon=0pASMQ
eps=1. Oe- 10, ver bosi t y=50) ;

pl ot (un, value=1,fill=1,wait=1, cnmr , di m=3);
un = un - ugl ob;
pl ot (un,value=1,fill=1,wait=1, cnmF , di me3);
el se {
un = 0.0;

Li near C§ opA, un[], rhsglobal[], nbiter=400, precon=opScal e
eps=1. Oe- 10, ver bosi t y=50) ;

un = 0.0;
Li near C opA, un[], rhsglobal [], nbiter=200, precon=o0pASM
eps=1. Oe- 10, ver bosi t y=50) ;

un = 0.0;
Li near Cq opA, un[], rhsglobal [], nbiter=200, precon=opASM,
eps=1. Oe- 10, ver bosi t y=50) ;

un = 0.0;
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Li near Cq(opA, un[], rhsglobal [], nbiter=200, precon=opASM)
eps=1. Oe- 10, ver bosi t y=50) ;

pl ot (un, value=1,fill =1, wait=1, crm¥ , di me3);
un = un - ugl ob;
pl ot (un, value=1,fill=1,wait=1, cnmr , di m=3);
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/[l exanple 7 : NS-cylinder.edp [slide page 60]

/1 Navier-Stokes flow around a cylinder

/1 P2/ P1 element with Characteristic Galerkin

[l for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki

int nl1 = 30;

int n2 = 60;

real nu = 1.0/400.0;
real dt = 0.05

real alpha = 1.0/dt;
int timestepmax = 400;

border ba(t=0,1.0){x=t*10.0-1.0;y=-1.0;Iabel =1;}
border bb(t=0,1.0){x=9.0;y=2.0*t-1.0 Iabel 2;};

border bc(t=0, 1.0){x=9.0-10.0*t;y=1.0; ! abel =3;};
border bd(t=0,1.0){x=-1.0;y=1.0-2. 0* ; | abel =4; };

border cc(t=0, 2*pi){x=cos(t)*0.25+0. 75;y:sin(t)*O.25;IabeI:5;};
nmesh Th=bui | dnmesh(ba(n2) +bb(nl)+bc(n2) +bd(nl)+cc(-nl));

pl ot (Th);

fespace Xh(Th,[P2,P2,P1]);

fespace Vh(Th, P2);

fespace Qh(Th, P1);

Xh [ul,u2,p], [vl,v2, q];

Vh upl, up2;

Qv pp;

macro dil(ul) dx(ul) //
macro d22(u2) dy(u2) //

macro di12(ul, u2) (dy(ul) + dx(u2))/2.0 //
macro div(ul,u2) (dx(ul) + dy(u2)) //

Qh psi, phi;

func stinflowsy-y*y*y/3.0;

probl em stream i nes(psi, phi, sol ver =UMFPACK) =
int2d(Th) ( dx(psi)*dx(phi) + dy(psi)*dy(phi))
int2d(Th) ( phi*(dy(ul)-dx(u2)))

on(1, psi=(-2.0/3.0))

on(4, psi=stinflow)

on(3, psi=(2.0/3.0))

on(5, psi =0.0);

+ + + + +

streanl i nes;
pl ot (psi,wait=1);

probl em St okes([ul,u2,p],[vl, v2,q], sol ver=UMFPACK) =
i nt2d( Th) (
+ 2.0*nu * (dl11(ul)*dl1(vl)+2.0*d12(ul, u2)*di12(vl, v2)+d22(u2)*d22(v2))
- p * div(vl, v2) - g * div(ul, u2)) //
+ on(1, 3,u2=0)
+ on(4,ul=1.0-y*y, u2=0)
+ on(5, ul=0, u2=0);

int i;
probl em NS([ul, u2,p],[Vvl,v2,q], sol ver=UMFPACK,init=i) =
int2d(Th)( al pha * (ul*vl + u2*v2)
2.0*nu * (d11(ul)*d11(vl)+2.0*d12(ul, u2)*d12(vl, v2)+d22(u2)*d22(v2))
- p * div(vl, v2) - g * div(ul, u2))
- int2d(Th)( al pha * (convect ([upl, up2],-dt,upl)*vl
+convect ([upl, up2], -dt, up2)*v2) )
+ on(1, 3,u2=0)
+ on(4,ul=1.0-y*y, u2=0)
+ on(5, ul=0, u2=0);

pl ot (Th, wai t =1) ;

St okes;
for (i =0; i < timestepmax; i++) {
upl = ul;
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up2 = uz;
pp = p;
NS;
streani i nes;
pl ot (psi, nbi so=30, wait=0);
if (i %20 == 0) {
pl ot ([upl, up2], pp, wai t =0, val ue=t rue, coef =0. 1) ;
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/'l exanple 8 : Rayl ei ghBenard. edp [slide page 69]

/1 Rayl ei gh-Benard t hermal convection in a box

[l P2/ P1/ P2 element with Characteristic Galerkin

/1 time evolution data will be stored in "rb.data" for Rayl ei gh-Benard-stat. edp
/1 for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki

int nl1 = 80;

int n2 = 20;

real Pr = 0.71;
real Ra = 1500.0;
real dt = 0.01;

real alpha = 1.0/(dt * Pr);
int tinmestepmax = 600;

nmesh Th=square(nl, n2,[x*4.0,vy]);
fespace Xh(Th,[P2,P2,P1]);
fespace Vh(Th, P2);

fespace Ch(Th, P1);

Xh [ul,u2,p], [vl, v2, q];
Vh upl, up2, th, thp, psi;

& pp, ss, rr;
macro di11(ul) dx(ul) //
nmacro d22(u2) dy(u2) //

macro di2(ul, u2) (dy(ul) + dx(u2))/2.0 //
macro div(ul,u2) (dx(ul) + dy(u2)) //

real epsln = 1. Oe-6; /'l penalization paranmeter to avoid pressure anbiguity
int i;
probl em NS([ul, u2,p],[Vvl,v2,q], sol ver=UMFPACK,init=i) =
int2d(Th) (al pha * (ul*vl + u2*v2)
+ 2.0* (d11(ul)*d11(vl)+2.0*d12(ul, u2)*d12(v1l, v2)+d22(u2)*d22(v2))
- p * div(vl, v2) - g * div(ul, u2)
- p* q* epsln)
- int2d(Th)( al pha * (convect ([upl, up2], -dt,upl)*vl
+convect ([upl, up2], -dt, up2)*v2) )
- int2d(Th) (Ra * thp * v2)
+ on(1, 3,u2=0)
+ on(2,4,ul=0);

probl em Heat (t h, psi, sol ver=UMFPACK, i nit=i) =
int2d(Th) (al pha * (th * psi)
+ dx(th) * dx(psi) + dy(th) * dy(psi))
- int2d(Th) (al pha * convect([upl, up2], -dt, thp) * psi)
+ on(1,th=1)
+ on(3,th=0);

probl em streanl i nes(ss, rr, sol ver =UMFPACK) =
int2d(Th) ( dx(ss)*dx(rr) + dy(ss)*dy(rr))
+ int2d(Th)( rr*(dy(ul)-dx(u2)))
+ on(1,2,3,4,ss=0.0);

pl ot (Th, wai t =1) ;

ul[] = 0.0; [l inpulsive start
th = (1.0-y); // conductive sol ution

for (i =0; i < tinmestepnmax; i++) {
upl = ul,
up2 = uz,
pp = p;
thp = th;
NS;
Heat ;

pl ot (th, val ue=true);
streanl i nes;
pl ot (ss, nbi s0=30);
if (i %20 == 0) {
pl ot ([ul, u2], val ue=true, wait=0, coef=0.1);
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// wite tinme-evolution data for

Rayl ei ghBenr ad- st at .

upl=ul,
up2=uz;
pp=p;
t hp=t h;
{
of stream fil g( , binary);
file.precision(16);
for (int i =0; i <upl[].n; i++) {
file << upl[](i) << :
file << endl;
for (int i =0; i <up2[].n; i++) {
file << up2[](i) << :
}
file << endl;
for (int i =0; i <pp[]l.n; i++) {
file << pp[](i) << ;
file << endl;
for (int i = 0; i i++) {

< thp[].n;
file << thp[](i) << :

file << endl;

edp
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/1 exanple 9 : Rayl ei ghBenard-stat. edp [slide page 70]

/1 Navier-Stokes flow around a cylinder

/1 P2/ P1 element with Characteristic Galerkin

/1 initial data for Newton iteration needs to be prepared in "rb.data"
/1 by Rayl ei gh-Benard-stat. edp

/1 for RIIT Tutorial at Kyushu University, 25 Nov.2016, Atsushi Suzuki

int nl1 = 80;

int n2 = 20;

real Pr = 0.71;
real Ra = 1500. 0;

int timestepmax = 600;

nesh Th=square(nl, n2,[x*4.0,vy]);
fespace Wh(Th, [ P2, P2, P1, P2]);
fespace Vh(Th, P2);

fespace Qh(Th, P1);

Wh [ul,u2,p,th], [vl, v2, q, psi];
Vh upl, up2, thp;

Qh pp, ss, rr;
macro di11(ul) dx(ul) //
macro d22(u2) dy(u2) //

macro di12(ul, u2) (dy(ul) + dx(u2))/2.0 //

macro div(ul,u2) (dx(ul) + dy(u2)) //

macro ugrad(ul, u2,v) (ul*dx(v) + u2*dy(v)) //

macro Ugrad(ul, u2,vl,v2) [ugrad(ul,u2,vl), ugrad(ul,u2,v2)]//

real epsln = 1. Oe-6; /1l penalization parameter to avoid pressure ambiguity

varf vDRB ([ul,u2,p,th],[vl,v2,q,psi]) =
int2d(Th)( 2.0*(d11(ul)*d11(v1l)+2.0*d12(ul, u2)*d1i2(vl, v2)+d22(u2)*d22(v2))
- p * div(vl, v2) - g * div(ul, u2)
p* q* epsln
(Ugrad(ul, u2, upl, up2)’ *[vl,v2] //
Ugrad(upl, up2,ul, u2)’ *[vl1,v2]) / (2.0 * Pr) [/’

~ 4+ 4+

int2d(Th)( Ra * th * v2)

int2d(Th)( dx(th) * dx(psi) + dy(th) * dy(psi) )
int2d(Th) ( ugrad(upl, up2,th)*psi + ugrad(ul, u2,thp)*psi)
on(1, 3, u2=0)

on(2, 4, ul=0)

on(1, th=0)

on(3,th=0);

+ 4+ + + + +

/1 [upl, up2, pp] are obtained fromthe previous step
varf vRB ([ul,u2,p,th],[vl,v2,q,psi]) =
int2d(Th)( 2.0*(d11l(upl)*dli(vl)+2.0*d12(upl, up2)*di2(vl, v2)+
d22(up2) *d22(v2))
- pp * div(vl, v2) - g * div(upl, up2)
- pp * g * epsin
+ Ugrad(upl, up2, upl, up2)’ *[v1,v2] / (2.0 * Pr) ) /[’
int2d(Th)( Ra * thp * v2)

+ int2d(Th) ( dx(thp) * dx(psi) + dy(thp) * dy(psi) )

+ int2d(Th) ( ugrad(upl, up2,thp)*ps

+ on(1, 3,u2=0)

+ on(2, 4,ul=0)

+ on(1l,th=0) // force honbgeneous Dirichlet B.C. to be conpatible with
+ on(3,th=0); // Jacobian matrix of Newton iteration

probl em streanl i nes(ss, rr, sol ver =UMFPACK) =
int2d(Th) ( dx(ss)*dx(rr) + dy(ss)*dy(rr))
+ int2d(Th)( rr*(dy(upl)-dx(up2)))
+ on(1,2,3,4,ss=0.0);

pl ot (Th, wai t =1);
/1 read stationary data conputed by Rayl ei ghBenrad. edp

ifstreamfil e( , binary);
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for (int i =0; i <upl[].n; i++) {
file >> upl[](i);

}

for (int i =0; i <up2[].n; i++) {
file >> up2[](i);

}

for (int i =0; i <pp[]l.n; i++) {
file >> pp[](i);

}

for (int i =0; i <thp[]l.n; i++) {
file >> thp[](i);

}

}

[ul, u2, p, th] = [upl, up2, pp, thp];
pl ot (th, crme ,val ue=true, wait=1);
cout << << endl;
for (int n =0; n < 20; n++) {
upl ul;
up2 uz;
pp = p;
thp = th;
pl ot (t hp, cmm= +n, wai t =0, val ue=true);
real[int] b = vRB(0, W);
cout << << b.12 << endl;
matrix A = vDRB(Wh, Wh, sol ver =UMFPACK) ;
real[int] w= A1 * b;
ulf] -=w
cout << << n << << w. |2 << endl;
if (wl2 < 1. e-6) break;

}

pl ot (t hp, val ue=true);
upl = ul;

up2 = uz,;

streanl i nes;

pl ot (ss, nbi s0=30);
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